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Abstract

In this paper, we discuss the semantics of disjunctive programs and databases and show how multivalued mappings
and their fixed points arise naturally within this context. A number of fixed-point theorems for multivalued mappings
are considered, some of which are aready known and some of which are new. The notion of a normal derivative
of adisunctive program isintroduced. Normal derivatives are normal logic programs which are determined by the
digiunctive program. Thus, the well-known single-step operator associated with anormal derivative issingle-valued,
and itsfixed points can be found by well-established means. It is shown how fixed points of the multivalued mapping
determined by a diunctive program relate to the fixed points of the single-step operators coming from its normal
derivatives. This procedure has potential for smplifying the construction of models of disunctive databases, and
this point is discussed.

Most of the results for multivalued mappings rest on corresponding, known results concerning fixed points of
single-valued mappings. Since the latter results are frequently referred to, they have been collected together for
convenience in a survey which should be of independent interest as well as being preparatory for the later results.
Finally, anumber of problems and issues raised by this work are discussed.

1 Introduction

Let f : X — X be a(single-valued) function or mapping defined on the set X. A fixed point of f
is an element = of X such that f(x) = z. This simple, but important, notion is to be found in many
places in mathematics ranging from proofs of existence of solutions of differential egquations to proofs of
existence of invariant measures to methods, in logic, for handling self-reference. Indeed, it is this latter use
of “fixed point” that makes the concept so fundamental in programming language semantics and in program
correctness: the meaning of recursive definitions of functions and of inductive definitions of sets is the
least fixed point of an operator naturally associated with the definition. This last comment applies equally
well, of course, whether one is taking the point of view of imperative programming or the point of view of
declarative programming. In theoretical studies in either paradigm, fixed points of functions and operators
are basic.

*The first named author acknowledges financial support under grant SC/98/621 from Enterprise Ireland.
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It follows naturally from what has just been said that techniques for finding fixed points, i.e. fixed-point
theorems, are also basic in theoretical studies. In the imperative case, the functions and operators which
arise are nearly always monotonic, and therefore the only fixed-point theorem one needs is “the fixed-
point theorem” of Knaster and Tarski. However, in logic programming matters are not so simple due to
the presence of negation. Negation has the effect of introducing non-monotonicity and of complicating the
process of finding fixed points. Thus, within this paradigm, one finds quite avariety of different methods and
techniques in use for finding fixed points of the operators arising from questions concerned with semantics.

The purpose of this paper isthree-fold. First, in Section 3, we want to report on recent work undertaken
by the authors in the context of the semantics of disjunctive programs and databases. In this setting, the
operators T which arise are multivalued i.e. 7 : X — 2X sothat T'(z) is aset of points of X, rather than
asingle point. The usual meaning of “fixed point” is then an element z € X such that = € T'(z), and this
clearly generalizes the case of single-valued mappings. However, not only is this mathematically an obvious
generalization of the case of single-valued mappings, it is also a correct one in that issues concerned with
the semantics of disunctive programs naturally relate to fixed points in this new sense. Thus, there isaneed
for fixed-point theorems which apply to multivalued mappings. However, one strategy which we introduce
here is to extract from the database a family of associated conventional normal logic programs (which we
call normal derivatives) whose corresponding operators are single-valued. In thisway, it ispossible to relate
the fixed points of multivalued mappings to the fixed points of single-valued mappings. We demonstrate the
success of this method by showing how the stable model semantics (or answer set semantics) of Gelfond and
Lifschitz can be treated in this way. In fact, there is awhole range of semantics which have been proposed
for digunctive databases, of which that of Gelfond and Lifschitz is just one of the more important, and
al of which provide different, canonical models of a given database (perfect model, weakly perfect model
etc.). Each of these models turns out to be a fixed point of a certain multivalued mapping we introduce
here (the single-step operator of Definition 3.3) and hence, as we show, is a fixed point of some normal
derivative. This, of course, raises the problem of characterizing those normal derivatives which correspond
to any particular canonical model, and is a problem under investigation by the authors.

The alternative approach to finding fixed points, already noted, is the full-frontal attack by means of
fixed-point theorems for multivalued mappings. However, there does not appear to be very many such the-
orems available, and it is ongoing work of the authors to try and rectify this situation either by extending
results known for single-valued mappings to the multivalued case or by establishing new methods and tech-
niques. Thus, in Section 4, we collect together, as our second objective, the main results we know and which
we know to have applications to semantics. In addition, we present some new technical results of our own,
and discuss the problems and difficulties in the way to further progress.

Needless to say, much of the work undertaken in Section 4 rests on well-established results and ideas
developed specifically for the single-valued case. It will facilitate the discussion to have available the state-
ments of the more important of these, and we collect them together in a survey in Section 2 for convenience
and for reference, relating them as we proceed to applications of our own, and of others, to semantics; this
is our third main objective in the paper. Therefore, in stucture, we see Section 3 as the heart of the paper,
but that the material presented there immediately raises the issues taken up in Section 4 and, in turn, this
latter section depends on the discussion of Section 2. The order of presentation of the materia is chosen, of
course, to enable us to proceed from the known to the unknown.
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2 Fixed-Point Theoremsfor Single-Valued Mappings

2.1 Partial Orders

Perhaps the original theorem in the subject is Kleene's first recursion theorem, encountered in recursive
function theory. This states the following, where 7, denotes the collection of all partia functions from
N" to N ordered by graph inclusion. Suppose that ¢ : %, — F,, isarecursive operator. Then ® has a
least fixed point A which is a computable function. Thus, there is a computable function h satisfying the
following conditions.
(@ ®(h) = h.
(b) If ®(g) =g, thenh < g.
Hence, if h istotal, it isthe only fixed point of ®.

The term recursive used here means, essentialy, that whenever ®(f)(x) is defined, its value depends
only on finitely many values of f. Of course, as stated, this theorem is of limited applicability but has a
direct generalization to partially ordered sets and continuous functions, as follows.

2.1 Definition A subset S of a partialy ordered set (D, <) is called directed if, for any a,b € S, thereis
ce Ssuchthata <candb <c.

2.2 Definition A partially ordered set (D, <) is said to be complete, and hence a complete partial order
(cpo), if thereisaleast element of D and every directed subset S C D has aleast upper bound sup S in D.
Thus:

(1) Thereisanelement L of D (the bottom element of D) suchthat 1. < dforal d € D.

(2) If S C D isdirected, then thereis an element sup .S in D such that (i) s < sup S for al s € S, and
(i) if s < dforal s € S, whered is some element of D, thensup S < d.

2.3 Definition Let D and E becposand let f : D — E be afunction.
(1) fiscaled monotonicif a < bimplies f(a) < f(b) foral a,b € D.

(2) fiscaled continuous if f is monotonic and, for every directed subset S of D, we have f(sup S) =
sup f(S).

We are now in a position to state the main fixed-point theorem applicable to partialy ordered sets, see

[22] for a proof; it is the promised generalization of Kleene's theorent. In fact, it can be established in the

context of the dlightly more general w-cpos, which are defined as above except that one only requires the
existence of the suprema of increasing sequences ¢y < a; < ay ... in D, rather than of directed sets.

24 Theorem (Knaster-Tarski) Let D beacpoandlet f : D — D be acontinuous function. Then f has
aleast fixed point a. Furthermore, a = sup, ¢y f™(L).

This theorem has so many applications to computing that it must be a contender for the title of funda-
mental theorem of computer science. In addition, there are numerous refinements and variants of it scattered
throughout the literature. One such is the following theorem, which was applied by Fitting in the context of
logic programming semantics over Kleene's 3-valued logic.

1In so far as recursiveness of ®, and the existence of its least fixed point are concerned. The question of generalizing the computability of the
fixed point provided by Kleene's theorem depends on abstract versions of computability theory, and is atopic considered in the literature in domain
theory.
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2.5 Definition Let (D, <) be a partia order. Then D is caled a complete semilattice if the following
conditions hold.

1. Every non-empty subset of D has an infimum.

2. Every non-empty directed subset of D has a supremum.

2.6 Theorem (See[3, Proposition 6.2]) Let (D, <) be acomplete semilattice, let  be monotonic on D and
let a € D besuchthat a < ®(a). Then & has aleast fixed point above a.

The least fixed point in the previous theorem can, in fact, be obtained as an ordina power ® 1 «(a) for
some ordina a.

Although we know of no actual application of the next result, see [2, Theorem 1.4.1], it is possible
that it has some role, since greatest fixed points are important in computational logic in connection with
implementation issues such as negation as failure. In any case, we give a generalization of it to multivalued
mappings in Section 4, where we consider generalizations of the Knaster-Tarski theorem as well.

2.7 Theorem Let (D, <) beapartialy ordered set such that every chainin D hasasupremum, let f : D —
D bemonotonic and let « € D be such that a < f(a). Then f hasamaximal fixed point.

2.2 Metric-Like Spaces

The other great fixed-point theorem in mathematicsis the well-known Banach contraction mapping theorem.
Apart from its applications to the semantics of concurrency and communicating systems, it does not seem
to be much used in studying imperative languages. By contrast, it and its generalizations have found quite a
lot of interest in logic programming, due to the non-monotonicity introduced by negation, and we consider
these next.

221 Metric Spaces

2.8 Theorem (Banach Contraction Mapping Theorem) Let (X, d) be a complete metric space, let 0 <
A<landlet f: X — X beafunction satisfying d(f(z), f(y)) < Ad(z,y) foral z,y € X. Then f hasa
unique fixed point which can be obtained as the limit of the sequence f*(x) for any z € X.

Note that the proof is constructive, i.e. the fixed point isin fact the limit of any sequence of iterates of
I

The Banach theorem has found application to logic programming in [4, 19, 20], and a multivalued
version was considered in [10] and will be discussed in Section 4. In fact, quite alot of work has been done,
some of it by the present authors, in applying generalizations of the Banach theorem in which the axiomsin
the definition of ametric are relaxed, see [14, 19, 20], and we briefly consider this next.

2.2.2 Generalized Ultrametric Spaces

The first generalization we consider, and it is a significant one, is obtained by allowing a metric to take
values in an arbitrary partialy ordered set, rather than just in the real numbers.

2.9 Definition Let X be aset and let I' be a partialy ordered set with least element 0. We call (X, d) a
generalized ultrametric spaceif d : X x X — T isafunction such that for al z,y,2 € X andy € T
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(1) d(z,y) =0ifandonly if x =y,
(2) d(z,y) = d(y, =), and
(3) ifd(x,y),d(y,z) <7, thend(z,z) < 7.

For0#yeTandz € X,theset B, (z) = {y € X | d(z,y) <~} iscaled a(y-)bal in X. A generalized
ultrametric space is called spherically complete if, for any chain (C, C) of ballsin X, we havgC # 0.
A function f : X — X iscalled

(1) non-expanding if d(f(z), f(y)) < d(z,y) foral z,y € X,
(2) drictly contracting on orhitsif d(f*(z), f(z)) < d(f(z), ) for every z € X withz # f(z), and
(3) strictly contracting if d(f(z), f(y)) < d(z,y) fordl z,y € X withz # y.

For the following, see [14], aso cf. [7, Theorem 4.4].

2.10 Theorem (Prief3-Crampe and Ribenboim) Let (X, d) be a spherically complete generalized ultra-
metric space and let f : X — X be non-expanding and strictly contracting on orbits. Then f has a fixed
point. Moreover, if f isstrictly contracting on X, then f has a unique fixed point.

This result has been applied to logic programming semantics in [14, 19, 20], and we next sketch the
application we made of it in [19, 20].

For acountable ordinal v, let I, bethe set {2=% | a < ~} of symbols 2~ with ordering 2=¢ < 277 if
andonly if 8 < a.

2.11 Definition Let D be adomain (i.e. a Scott domain with set D. of compact elements, see [22]), let
r: D, — v beafunction, called arank function, and denote 277 by 0. Defined, : D x D — 'y, by

dy(z,y) = inf{27% | ¢ < zif and only if ¢ < y for every ¢ € D, withr(c) < a}.
Then (D, d,) is called the generalized ultrametric space induced by r.

It is straightforward to see that (D, d,) isindeed a generalized ultrametric space. Indeed, (D,d.) is
spherically complete under the additional condition that for each - € D and for each ordinal o < +, the
set {c¢ € approx(z) | r(c) < a} isdirected whenever it is non-empty, where approx(x) denotes the set of
compact elements ¢ such that ¢ < z.

2.12 Theorem (See[19]) Under the condition just stated, (D, d.) is spherically complete.

Using this theorem in conjunction with Theorem 2.10, we showed that a subclass of the locally stratified
programsis both computationally adequate (i.e. can compute all partial recursive functions) and hasaunique
supported model. This subclass we called the strictly level-decreasing programs, and it is rather rare for a
class of programs to satisfy both the properties just mentioned simultaneously.

2In [14], these functions were called contractive.
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2.2.3 Quasi-Metric Spaces

The next thing one can do to generalize the Banach theorem is to vary the axioms describing the notion of
“metric”, as aready mentioned. There are numerous ways of doing this, but perhaps the most successful is
the notion of quasi-metric when taken in conjunction with the associated theorem of Rutten and Smyth, see
[16, 21].

2.13 Definition A set X together with afunctiond : X x X — RU {+o0} iscaled aquasi-pseudo-metric
spaceif foral xz,y,z € X

(1) d(z,z) =0, and
() d(z,z) < d(z,y) + d(y, 2).

If, furthermore, d(z,y) = d(y,z) = 0 impliesz = y, then (X, d) is called a quasi-metric space.

A quasi-pseudo-metric space in which the strong triangle inequaity d(z,y) < max{d(z,z),d(z,y)}
holds for all z,y,2z € X, is caled a quasi-pseudo-ultrametric space. Consequently, a quasi-pseudo-
ultrametric space which is a quasi-metric spaceis called a quasi-ultrametric space.

A sequence (z,,) in X isa (forward-) Cauchy-sequence (C9) if, for all ¢ > 0, there exists y € N such
that for al n > m > ng, d(z,, z,) < . A CS(x,) convergesto z € X (written z,, — z, or limz,, = x)
if, foral y € X, d(z,y) = limd(z,,y). Findly, X iscaled CS-complete if every CSin X converges.

Note that limits of CSs need not be unique. If X isa quasi-metric space, however, it is a standard fact
that uniqueness of limits does hold.

2.14 Definition Let X be aquasi-pseudo-metric space. A function f : X — X iscalled
(1) CS-continuousif, for all CSs () in X withlimz, = z, (f(z,)) isaCSand lim f(z,) = f(z),
(2) non-expanding if d(f(x), f(y)) < d(z,y) foral z,y € X, and
(3) contractive if there existssome 0 < ¢ < 1 suchthat d(f(z), f(y)) < ¢-d(z,y) foral z,y € X.

We are now in a position to state the main fixed-point theorem in the context of quasi-metric spaces.
In this statement, <; is the partial order induced on X by the quasi-metric d, where x <; y if and only if
d(z,y) = 0.

2.15 Theorem (Rutten-Smyth) Let X # () be a CS-complete quasi-metric space and let f : X — X be
non-expanding.

(1) If f isCS-continuous and there exists z € X with z <; f(z), then f has afixed point, and this fixed
point is least above x with respect to <;.

(2) If fisCS-continuous and contractive, then f has a unique fixed point.

Moreover, in both cases the fixed point can be obtained as the limit of the CS (/*(z)), wherein (1) z isthe
given point, and in (2) = can be chosen arbitrarily.
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This theorem is important for several reasons, but we will take up just one of them. Let (X, <) bea
partial order. Defineafunction d< : X x X — R by

0 ifz<y,
d<l@,y) = {1 otherwise.
Thenit iseasily checked that (X, d<) isaquasi-ultrametric space, and d- is called the discrete quasi-metric
on X. Notethat <,_ and < coincide for agiven partial order <.

By virtue of these definitions, Part (1) of Theorem 2.15 generalizes the Knaster-Tarski Theorem 2.4.
Part (2) generalizes the Banach Contraction Mapping Theorem 2.8. Using this and related results, it was
shown in [16, 21] that one can combine the two main approaches to the semantics of imperative programs
i.e. the partial order approach and the metric approach. The same thing was done in [18] for logic programs,
again using Theorem 2.15.

3 Multivalued M appings and Digunctive Programs

We now turn our attention to multivalued mappings. We will see how these naturally arise in questions of
semantics in logic programming and database theory, by describing the answer set semantics for digunctive
programs and databases due to Gelfond and Lifschitz [6], see also [11] which we follow closely in giving
the definition. In fact, our main results here, and indeed the main new results of this paper, relate the con-
struction of the answer set semantics for arestricted class of digunctive programs to the supported models
of certain normal logic programs which are naturally associated with the disunctive program. These asso-
ciated programs we call “normal derivatives’, and their supported models can be found by well-established
means. Therefore, the process we put forward results in a considerable simplification of the construction of
the answer set semantics for the class of digunctive programs we consider.

3.1 TheAnswer Set Semantics of Gelfond and Lifschitz

Let Lit denote the set of ground literals in some first order language L. In its most general form, arule r
isan expression of the following type

bWV Vi<l Aoyl Anotlygq A -+ Anotl,

where each [; € Lit. Given such arule r, we define Head(r) = {li,...,ln}, Pos(r) = {lp+1,---,lm}

and Neg(r) = {ly+1,---,lx}. The keyword not may beinterpreted either as negation asfailure (in which
case Pos(r) may contain negative literals) or as classica negation (in which case Pos(r) will contain
only positive literals), athough later on we restrict it to its latter meaning of classical negation. A rule r
is called digunctive if n > 1, so that Head(r) may contain more than one element, and non-disjunctive
otherwise. A (digunctive) program IT isa set of (digunctive) rules. Of course, a non-disunctive program is
simply aconventional ground normal logic program. It isusual to alow the presence of function symbolsin
digunctive programs, and to reserve the term digjunctive database for those disjunctive programs which do
not contain function symbols, and we will observe this convention. Also, one may allow variable symbolsto
be present in the general definition of arule. However, asimplied by the definition we have adopted, we are
in effect going to work with the set of ground instances of each rule, rather than with the rules themselves.
Thus, the only difference between a digunctive program and a digunctive database is that in the former
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case we will be handling an infinite set of rules and in the latter case afinite set, and the distinction will not
matter.

In order to describe the answer set semantics for disjunctive programs, we first consider programs with-
out negation, not. Thus, let IT denote adisjunctive program in which Neg(r) is empty for each rule r € II.
A subset X of Lit, i.e. X € 28 is said to be closed by rules in II if, for every r € II such that
Pos(r) C X, wehavethat Head(r)N X # 0. Theset X € 2Vt iscalled an answer set for IT if it is closed
by rulesin IT and satisfies:

1. If X contains complementary literals, then X = Lit.
2. Xisminima i.e. if A C X and A isclosed by rulesof TI, then A = X.

We denote the set of answer sets of IT by «(II). If IT is not digunctive, then (1) is a singleton set.
However, if IT isdigunctive, then «(TT) may contain more than one element, and we give an example below
to illustrate this phenomenon.

Now suppose that II is a disjunctive program that may contain not. For aset X € 3¢, consider the
program ITX defined by

1. If r € [T issuch that Neg(r) N X isnot empty, then weremover i.e. r ¢ IF*.

2. If r € I is such that Neg(r) N X is empty, then the rule +/ belongs to II*, where 7' is defined by
Head(r') = Head(r), Pos(r’) = Pos(r) and Neg(r') = 0.

Itisclear that the program IF* does not contain not and therefore o (T ) is defined. Following Gelfond
and Lifschitz [6], we define the operator GL : it — 22" by GL(X) = o(IIY). Finally, we say that X
isan answer set of TT if X € o(TFY) i.e. if X € GL(X). In other words, X isan answer set of TT if itisa
fixed point of the multivalued mapping G L. Notice that if IT is not disunctive, then «(TF) is a singleton
Set, as aready observed, and so X is an answer set of IT if and only if X = GL(X). The more general
requirement that X € GL(X) isthe natural, and standard, extension of the notion of fixed point to the case
of multivalued functions and operators. Again, we use the notation «(II) for the set of answer sets of II in
the general case.

It will help to consider an example which illustrates these ideas.

3.1 Example Takell asfollows:
p(0) V q(0)
p(a) vV q(0) < q(0) A =p(0).

If X isany set of literals not containing p(0), then IFX isthe program

and the answer sets of TT¥ are {p(0)} and {¢(0)}. Thus, a(TT*) = {{p(0)}, {¢(0)}}. Since X = {q(0)} is
an alowable value of X, we seethat X € «(IF") and hence that {g(0)} is an answer set for I1.

On the other hand, suppose that X isany set of literals which does contain p(0). In this case, the program
¥ isasfollows:

p(0) vV q(0) .
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Again, the only answer sets of II* are {p(0)} and {g(0)}. Since X = {p(0)} isan alowable value of X at
the moment, we see that {p(0)} isan answer set for II, and indeed is the only one other than {¢(0)}. Thus,
o(IT) = {{p(0)}, {a(0)}}.

In this example, GL(X) contains the two elements {p(0)} and {¢(0)} for any set X of literals, and
hence is multivalued. Moreover, both {p(0)} and {¢(0)} are fixed points of G L. [ |

3.2 Normal Derivatives of Disjunctive L ogic Programs

In order to proceed, it will be necessary to restrict attention to asubclass of the disjunctive programsinwhich
we alow only positive ground literals in the rules. Moreover, not will be taken to mean classical negation,
—. One immediate effect of thisimposition that Head(r) can only contain positive literals (whether or not
the restriction on not isimposed) is to restrict the elements of an answer set to be positive literals also, as
shown by the following lemma.

3.2 Lemma Suppose that the head of each clause in adigunctive program II contains only positive literals.
Then any answer set for TT contains only positive literals.

Proof: Suppose that X isaset of literals which is closed by rules of TI. Let Y denote the set which results
by removing from X al the negative literasin X. Then Y isclosed by rules of I1. To seethis, suppose that
r € Il andthat Pos(r) C Y istrue. Then Pos(r) C X isalsotrue, and soHead(r)NY = Head(r)NX #
0.

Therefore, by minimality, an answer set of T can only contain positive literals. |

Notice that this lemma makes redundant the condition 1. concerning complementary literals in the first
part of the definition of an answer set.
Thus, for the rest of Section 3, the most general form of rule r that we shall consider isthe following

AV VA, < Bpyi A~ ABpy A=Bpgy1 A -+ A By,

where all A;, B; are atoms. Therefore, we have Head(r) = {A,...,Ap}, Pos(r) = {But1,...,Bn}
and Neg(r) = {Bpy+1,-- ., Br}-

In fact, the members of the class of disjunctive programs thus defined are precisely the digunctive
databases considered in [15]. We will continue to use the notation II for atypica digunctive program even
with this restriction in place. Hence, IT denotes a possibly infinite set of rules of the sort just described.

The Lemma 3.2 focusses attention on the sets of positive ground literals in the first order language £
underlying IT i.e. on the power set Iy of the Herbrand base By of I1. We intend to relate answer sets to
supported models of normal logic programs associated with II, and Lemma 3.2 will assist us in doing this.
Therefore, typical elements of Iy will be denoted either by I or by X, depending on the context. The first
step in the direction we want to go is provided by the following definition, and it will be convenient to write
atypica ruler inIl in the form H, + body,.

3.3 Definition Suppose that IT is a diunctive logic program. The single-step operator T associated with
IT is the multivalued mapping from Ay to the power set P (Iyr) of Iy defined by: J € Ty () if and only if
the following conditions are satisfied.

(i) For eachrule H, < body, inII such that I = body, (i.e. body, is true with respect to I), there
existsan Ain H, suchthat A € J.
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(i) Foral A € J, thereexistsarule H, < body, inII such that I |= body, and A belongs to H,.

Notice that this definition reduces to the usual definition of the single-step operator 7 in casethat I1 is
anormal logic program P.

3.4 Theorem Suppose that II is a digunctive logic program. Then we have I € Ti(I), i.e. I isafixed
point of 71y, if and only if the following conditions are satisfied.

(@ I'isamodd forII, i.e. for every rule H, < body, in IT such that body, is true with respect to 7,
we have that H, isalso true with respect to 1.

(b) Forevery A € I, thereisarule H. < body, in II such that body, is true with respect to I and
A€ H,.

By analogy with the non-digunctive case, we call an interpretation I (i.e. an element of f) which
fulfills Condition (b) above a supported interpretation. Thus, I € T (I) if and only if T is a supported
model for II.

Proof: Supposethat I € Ti7(I) and let H, < body, be arulein II such that body; istrue with respect to
I. For (@), it remains to show that thereisan atom A in H, such that A € I, which isthe case by Condition
(i) of Definition 3.3. Condition (b) follows directly from (ii) of Definition 3.3.

Conversely, suppose that Conditions (a) and (b) are satisfied by 7. We have to show that I € (1),
i.e. that Conditions (i) and (ii) of Definition 3.3 are satisfied for 7 = J. Both however follow directly from
Conditions (a) and (b), respectively. |

We now come to one of our main definitions.

3.5 Definition Suppose that II is a digunctive logic program. A normal derivative P of II is defined to
be a (ground) normal logic program P consisting of possibly infinitely many clauses which satisfies the
following conditions.

(@) For every rule H,. < body, inll there exists aclause A < body; in P such that A belongsto H,.
(b) For every clause A < body, in P thereisarule H, + body, in II such that A belongs H,.

Note that Condition (b) ssimply states that all clauses in P have to be derived from rules in I1 by Condition
(@).

3.6 Theorem Let II be a disunctive logic program and let I € k1. Then J € Ty (1) iff J = Tp(I) for
some normal derivative P of II.

Proof: Let P be anormal derivative of II and suppose that .J = Tp(I). We have to show that J € Ty (1)
i.e. that J satisfies Conditions (i) and (ii) of Definition 3.3.

For (i), let H, + body, bearulein II such that body; is true with respect to 1. By Condition (a) of
the previous definition, there exists a clause A < body; in P such that A belongs to H,.. By definition of
Tp,wehave A € J asrequired.

For (ii), let A bein J. Then there existsaclause A < body in P such that body is true with respect
to 1. By Condition (b) of the previous definition, there existsarule H < body inII such that A belongsto
H asrequired.
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Conversely, suppose that J € Tir([) i.e. that J satisfies Conditions (i) and (ii) of Definition 3.3. We
have to show that there exists a normal derivative P of II such that J = 7p(I). To do this, we define the
ground normal program P asfollows.

(1) Let H,. «+ body, bearulein II such that body; is true with respect to I. Then by Condition (i)
thereisanatom A in H, suchthat A € J. Let P contain all clauses A < body; for such A.

(2) For every rule H, < body, inII such that body, is not true with respect to I, we choose an atom
Ain H, arbitrarily. Let P contain all clauses A < body; thus defined.

(3) P contains only clauses defined by (1) and (2).

Obvioudly, P isanormal derivative of TI.

Now let A € J. Then by (1) there existsaclause A <+ body in P such that body is true with respect
to I. Consequently, A € Tp(I). Conversely, let A € Tp(I). Thenthereisaclause A < body in P such
that body istrue with respect to 1. By (1) and (3) there exists arule H < body inII such that A belongs
to H, and by (1) again, we obtain A € J asrequired. |

3.7 Important Remark The previous theorem allows us to conclude the existence of supported models for
any given disunctive program II provided any normal derivative of II has such amodel. In particular, if any
normal derivative of 1 is acceptable, see[1, 4, 8], or strictly level-decreasing, see [20], or locally stratified,
see [15, 19] or definite, then IT has at least one supported model. Conversely, if agiven digunctive program
IT has a supported model, there exists a normal derivative of IT which has a supported model. This fact is
important from our point of view since we are focussing on normal derivatives of II in the belief that they
simplify the study of TI.

Recall that a disjunctive database 11 is a digunctive logic program II without any function symbols.
Thus, II consists of only finitely many rules in this case, and we denote their number by 7; and call it the
order of TII.

3.8 Proposition Let IT be a digjunctive database of order n; = n consisting of therules r, 75, ... 7. FOr
every k € {1,...,n}, let d; denote the number of digunctions occurring in the head of #. Then II has at
most [T;_, (2% — 1) normal derivatives. Therefore, for any I € Iy we have [T1i(I)| < []x7, (2% — 1).

Proof: Let r, bearuleinIl. Every normal derivative P of II contains at least one and at most ¢, clauses
generated by ry.. Consequently, there are Y, (1) = (Z%:o (;’Z)) — (y) = 2% — 1 possibilities for
clauses in P derived from 7, and the first statement in the conclusion follows immediately from this. The
second part of the conclusion now follows from Theorem 3.6. |

3.9 Remark For any disjunctive database which happens to be a normal logic program, the bound in the
previous proposition turns out to be 1, so that this bound is sharp.

3.3 Normal Derivatives and the Answer Set Semantics

We now return to answer set semantics, and the final results of this section bring together the ideas devel oped
thus far by relating answer sets of TT and supported models of normal derivatives of II.
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3.10 Theorem Suppose that II is a digunctive logic program in which Head(r) contains only positive
literals for each rule » € TI, and in which not denotes classical negation. Then given an answer set
X € 2Lt for I, there is anormal derivative P of 1T such that 75 (X) = X.

Proof: Wehave X € «(I1"). Consider IT* and the following normal derivative P of IT which we construct
by reference to the step by step construction of TFX. Let » be rule in IT and suppose for ease of notation that
r takes the form H,. + body,..

First, suppose that Neg(r) N X # ), sothat r ¢ TIX. We choose an atom, A say, from the head H, of r
arbitrarily and include the clause A + body; in P. SinceNeg(r) N X # () we seethat X }~ body,, and
therefore this clause contributes nothing to 7p (X).

Now suppose that Neg(r) N X = ). Thentherule belongsto IT¥, where r' is defined by Head(r') =
Head(r), Pos(r’) = Pos(r) and Neg(r') = (). Since X is an answer set for IT*, we have the statement
Pos(r') C X = Head(r') N X # () holding true. The first subcase of this case is when pos(#) Z X.
Again, we select an atom A in Head(r') = Head(r) arbitrarily and include the clause A + body; in P.
Since pos(r) = Pos(r’) € X, we have X [~ body, once more. Therefore, this clause also contributes
nothing to Tp(X).

Finally, consider the subcase of the previous case in which Pos(#) C X, so that Pos(r) = Pos(r’) C
X. For each atom A € Head(r') N X = Head(r) N X include the clause A < body; in P, not including
repetitions of this clause. Since Pos(r) C X and Neg(r) N X = (), we have X | body;. Thus, Tp(X)
includes all the A € Head(r) N X for each rule r such that Pos(r) C X. Therefore, wehavelp(X) C X,
and P isanormal derivative of II by construction. Thus, it remains to show that 7>(X) = X.

Suppose it isthe case that Tp(X) C X i.e. that thereisan x € X such that for each rule » in IT with
Pos(r) C X wehavez ¢ X NHead(r). We show that this supposition leads to the contradiction that
Y = X\ {#} C X isan answer set for TIX. Indeed, if r isarule in TFX such that Pos(r) C Y, then
Pos(r) C X and so Head(r) NY = Head(r) N X # (. Thus, Y isclosed by rules of IF*. But this
contradicts the minimality of X and concludes the proof. [ |

As an immediate corollary of our results, we can recover the result of Gelfond and Lifshitz that an
answer set for IT isamodel for IT (and hence the name answer set semantics or stable model semantics).

3.11 Corollary Suppose that II is adisjunctive logic program. Then any answer set X for II isamodel for
I1.

Proof: By the previous theorem, there isanormal derivative P of II such that 7>(X) = X. Therefore, we
have X € T1;(X) by Theorem 3.6. It now follows that X isasupported model for IT by Theorem3.4. N

Thenormal derivative P constructed in the proof just given of Theorem 3.10 hasthe maximality property
that, for each rule r € TI which satisfies Pos(r) C X, P contains the clause A <+ body; for every atom
A € Head(r) N X. One might say that P is maximal with respect to X whenever it satisfies this property,
and it means that the normal derivative P just constructed isin a sense canonical. Of course, the question of
establishing a converse result arises, and as afirst step in this direction we prove the following proposition.

3.12 Proposition Suppose that IT is adigunctive logic program which satisfies the hypothesis of the previ-
ous theorem. Suppose also that X € 21t and that P is anormal derivative of I1 such that 7p(X) = X.
Then X isclosed by rules of IT¥.
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Proof: Let ' € IIX be an arbitrary rule. Then thereisarule r in II of the form H. + body, such that
Neg(r) N X = 0, Head(r') = Head(r) and Pos(r’) = Pos(r). Suppose that Pos(r’) C X. Then
Pos(r) C X and therefore X |= body,, since Neg(r) N X = (). But P isanorma derivative of 1T and
therefore there must be a clause in P of the form A < body;, where A € Head(r). By definition of the
single-step operator Tp, we have A € Tp(X) and hence we have A € X since Tp(X) = X. Therefore,
Head(r') N X = Head(r) N X # ). Thus, X isclosed by rules of IT* as stated. [ ]

Thus, in the circumstances of the proposition just established, X will be an answer set for T if and only
if it isminimal with the property that it is a supported model of some normal derivative of II. As aready
noted in the Introduction, this raises the problem of characterizing those normal derivatives whose fixed
points are answer sets for II. Indeed, the same problem can be put for all the other semantics which have
been proposed for disjunctive programs and databases, and these questions will be pursued elsewhere.

4 Fixed-Point Theoremsfor Multivalued M appings

Despite the possibilities presented by considering normal derivatives, the more obvious approach to finding
fixed points of multivalued mappings is to employ fixed-point theorems applicable to them. Thus, in this
section we discuss precisely this topic, building on the results we surveyed in Section 2. However, the
treatment will necessarily be less complete than that in Section 2 because far fewer results appear to be
known for multivalued mappings than for single-valued mappings, and thus we can ask more questions than
we can answer. We shall follow the same order of presentation as in Section 2, beginning with theorems
that depend on partial orders, and moving progressively through the use of metrics, generalized ultrametrics
and, finally, quasi-metric spaces.

4.1 Partial Orders

Thefirst result we consider is asfollows. It isageneralization of the Knaster-Tarski theorem, Theorem 2.4,
and was proved in [11].

4.1 Definition Let (L, <) be acomplete lattice. Define the preorder <. in 2 by
A <, Bifffordl y € B thereexistsz € A suchthat z < y.

A multivalued mapping T : L — 2F is <,-increasing if = < y impliesT'(z) <, T'(y) for al z,y.
Let L be an ordered set and let 7 : L — 2L, We say that the family (z3) is a decreasing T-orbit if
Tg+1 € T(J?g) and TE+1 < z3-

4.2 Theorem Let L be a complete lattice and let T be a <.-increasing multivalued mapping from L into
2l satisfying the following two conditions.

1. For every z € L, the set T'(x) is non-empty.
2. For every decreasing T-orbit (z3), there exist z € L such that z € T'(inf zg) and z < x5 for al 3.

Then T has afixed point, i.e. thereexists x € L suchthat = € T'(x).
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Thistheorem was established in [11] in order to show the existence of (consistent) answer setsfor aclass
of digunctive programs called signed programs. Thisclassincludes examplesrelated to the well-known Yale
Shooting Domain.

The following result is new, as far as we know, and is a generalization of Theorem 2.7.

4.3 Theorem Let (D, <) beapartial order such that every chainin D hasasupremumandlet f : D — %

be a multivalued mapping which is monotonic in the sense that whenever z < y and a € f(x) then there
exists some b € f(y) with e < b. Furthermore, let there be some @y € D such that there exists some
x1 € f(xo) withzy < x1. Then f has afixed point.

Proof: If zp = ; then it is afixed point. So assume 2y < z;. Define an increasing chain (z3) in D as
follows. Let 25 be defined for al g < a. If @ = 4 1 isasuccessor ordinal, then choose z, € f(x3)
provided x5 is not afixed point of f (since otherwise afixed point is aready found). If o isalimit ordinal,
then let =, = supg., {73}

The increasing chain (z,) has a supremum s, and by construction of (z,) wemust have s € f(s). B

4.2 Metric-Like Spaces

Just asin Section 2, the main alternative to order-theoretic arguments in the present context isto use various
metric-like structures, and we consider these next.

4.2.1 Metric Spaces

The following definition is standard.

4.4 Definition Let (M, d) be ametric space. A multivalued mapping 7 : M — 2" iscalled a contraction
if there exists areal number k < 1 such that for every =z € M, for every y € M, and for al a € T'(x), there
existsb € T'(y) such that d(a,b) < kd(z,y).

The following result is taken from [10], and depends on an old result of S.B. Nadler.

4.5 Theorem Assume that M is a complete metric space, and that 7" is a multivalued contraction on M
such that the set T'(x) is closed and non-empty for every z € M. Then T has afixed point.

Again, this theorem was established with a specific objective in view, namely, to show the existence of
answer sets for disunctive logic programs which are countably stratified.

4.2.2 Generalized Ultrametric Spaces

4.6 Definition Let (X,d,T") be a generalized ultrametric space (so that T" is a partialy ordered set). A
multivalued mapping f on X iscalled strictly contracting, respectively, contracting if, for al x,y € X with
x # y and for every a € f(z), there exists an element b € f(y) such that d(a,b) < d(z,y), respectively,
d(a,b) < d(z,y).

The mapping f is called strictly contracting on orbits if, for every = € X and for every a € f(x) with
a # z, thereexistsan element b € f(a) withd(a,b) < d(a, z).
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For f: X — 2% letIl, = {d(=,y) | y € f(x)} and, for asubset A C T', denote by MinA the set of
all minimal elements of A.

Thefollowing theorem was proved in [14]. Although we know of no specific application of it, we believe
it will prove to be useful by virtue of the general nature of theset I".

4.7 Theorem Let (X, d,T") be aspherically complete ultrametric space. Let f : X — 2¥ be a non-empty
contraction which is strictly contracting on orbits. Moreover, assume that for every x € X, MinI} isfinite
and that every element of II, has alower bound in Min,. Then f has afixed point.

4.2.3 Quasi-Metric Spaces

Just as in the case of single-valued mappings, one can establish fixed-point theorems for multivalued map-
pings using quasi-metrics. In fact, we present several such in this section, all of which are new and al
of which are under investigation in relation to applications to the semantics of digunctive programs and
databases.

4.8 Definition Let (X, d) be a quasi-metric space. A multivalued mapping f : X — 2¥ iscalled a con-
traction if there existssome 0 < k£ < 1 suchthat, foral z,y € X andforal a € f(z), thereexistsb € f(y)
satisfying d(a,b) < kd(z,y).

A multivalued mapping f on X is called non-expanding if, for al z,y € X and for dl a € f(x), there
existsb € f(y) satisfying d(a,b) < d(z,y).

A multivalued mapping f on X is called CS-continuous if, for every (forward) Cauchy sequence ()
in X with limit = and for every choice of y, € f(z,), we have that (y,) is a (forward) Cauchy sequence
and limy,, € f(z).

4.9 Theorem Let (X, d) be a CS-complete quasi-metric space and let f : X — 2% be a multivalued
contraction which is CS-continuous and non-empty (i.e. for all z € X, f(z) # (). Then f has afixed point.

Proof: The point z,, is obtained exactly asin the proof of Theorem 4.5. By CS-continuity of f, it follows
that ., isafixed point of f. |

410 Theorem Let (X, d) be a CS-complete quasi-metric space and let f : X — 2 be a non-expanding
multivalued mapping which is CS-continuous and non-empty. Suppose that there exists 3 € X and y €
f(xo) withzy <4 vy, i.e. suchthat d(xg,y) = 0. Then f has afixed point.

Proof: Choose z; € f(z¢) such that d(xg,z,) = 0. Since f is non-expanding, there is some z, €
f(x1) with d(z1,22) < d(zo,z1) = 0. Inductively, we obtain a sequence (z,) with d(zy, z,1k) <
Zf;ol d(Tp4i, Tnriv1) = 0. Hence, (x,,) isaCauchy sequence and has alimit z,,. By CS-continuity of f,
x,, iIsafixed point of f. |

We can weaken the assumptions of the previous results and introduce the following notions.
4.11 Definition Let f beamultivalued mapping. A sequence (z;,) in X suchthat z,, 11 € f(x,) foradln €
Niscalled an w-orbit of f. For amultivalued mapping f defined on aquasi-metric space, wecall f orbitally

CS-continuous if, for every orbit (z;,) of f which isa Cauchy sequence, we havelim z;,, € f(lim ).
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Both the previous theorems hold if the condition on f being CS-continuous is relaxed to being orbitally
CS-continuous.

Next, by virtue of the duality between quasi-metrics and partial orders, we carry over the previous result
to partial orders.

4.12 Proposition Let (D, <) be a partial order such that (D, d<) is a CS-complete quasi-metric space.
Then the following hold.

(i) (zn)isaCauchy sequenceif and only if it is eventually increasing.

(ii) Every increasing sequence has a least upper bound and the sequence converges to this least upper
bound.

(iii) If (D, <) hasaleast element, then it is an w-cpo.

4.13 Proposition Let (D, <) be an w-cpo, let f be amultivalued mapping on D and consider d. Then the
following hold.

(i) f isnon-expanding if and only if f is monotonic in the sense that whenever z < y and ¢ € f(x),
thereexists b € f(y) witha <b.

(if) f isorbitally CS-continuous if and only if for every w-orbit of f which is eventually increasing with
least upper bound z, we have = € f(z).

By the previous two propositions, we now easily abtain our final result, which is another generalization
of the Knaster-Tarski Theorem 2.4.

4.14 Theorem Let (D, <) be an w-cpo and let f be a non-empty multivalued mapping on D which is
monotonic, and which has the property that every w-orbit of f which is eventually increasing with least
upper bound z satisfies z € f(x). Then f has afixed point.

We remark, again, that all these theorems have potential applications to semantics which are under
investigation. In addition, we have other results in which we employ a notion of “generalized metric” which
takes its values in anordered Abelian semigroup, asin [10], but these will be discussed el sewhere.

5 Conclusions

Multivalued mappings and their fixed points arise naturally in the context of the semantics of disunctive
programs and databases. Therefore, there is a need for methods and techniques which can provide these
fixed points. Of course, one expects such methods to relate to results already known for single-valued
mappings, and indeed we have shown that this is the case. However, due to the rather specia nature of the
multivalued mappings we encountered, namely those arising from digjunctive programs I1, it was possible
to relate fixed points of the multivalued mapping I to fixed points of the single-valued mappings 1p
associated with the normal derivatives P of II.

Many questions are raised by this work. One such, for example, is that of characterizing the normal
derivatives which determine any one of the standard models of IT. Another is the examination of syntactic
conditions which enable one to easily apply the fixed-point theorems we have discussed, which are mostly
stated as purely mathematical results; thisis a question which we have only lightly touched on here. A third
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is the question of which of our theorems can be given constructive proofs. Other questions can be posed,
and indeed al are under investigation and will be considered elsewhere. Thus, we regard this paper as a
continuation of a programme of work, begun in [17, 18], in which semantical questions within declarative
programming are investigated using the tools of domain theory.
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