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R�esum�e � Des id�ees �el�ementaires de topologie dynamique sont utilis�ees pour une approche construc�
tive de la s�emantique des mod�eles parfaits de Przymusinski pour programmes localement strati��es� Nos
r�esultats comportent des applications de niveau qui prennent valeurs dans un ordinal d�enombrable ar�
bitraire et nos m�ethodes sont apparent�ees �a celles d�Apt� Blair et Walker pour les programmes strat�
i��es� Nous montrons l�existence de mod�eles support�es uniques quand certaines in�egalit�es sont strictes�
am�eliorant ainsi les r�esultats de Przymusinski pour les mod�eles parfaits� Fitting a utilis�e des m�etriques
pour �etudier certains programmes non�strati��es qui apparaissent dans les probl�emes de terminaison	 nos
r�esultats compl�etent sa m�ethode�

On Locally Strati�ed Logic Programs

Abstract � Elementary ideas from topological dynamics are used to provide a constructive approach
to Przymusinski�s perfect model semantics for locally strati�ed normal logic programs� Our results utilise
level mappings which take values in an arbitrary countable ordinal� and our methods are akin to those
of Apt� Blair and Walker for strati�ed programs� We show the existence of unique supported models
when certain inequalities are strict� improving Przymusinski�s results for perfect models� Also� our results
complement Fitting�s treatment by metric methods of certain non�strati�ed programs which occur in the
context of termination problems in logic programming�

Version fran�caise abr�eg�ee � Soit P un programme logique normal au sens d�e�ni dans ��	
 Nous con�
sid�erons P comme un ensemble �peut�
etre in�ni� des clauses C du type A� A�� � � � � Ak� ��B�� � � � ��Bl� �
dans lequel A� tout Ai et tout Bj ne contiennent pas de variables
 Le probl�eme principal dans l��etude
de tels programmes est d��etablir un rapport entre la s�emantique d�eclarative de P et la s�emantique
proc�edurale de P 
 Autrement dit� de rattacher la th�eorie des mod�eles de P d�une part� aux interpr�etes
de P d�autre part et� pour ces derniers� d��etudier les probl�emes tels que v�eridicit�e et compl�etude
 Dans
la plupart des cas nous associerons un op�erateur TP � IP � IP �a P � IP d�esignant le treillis de toutes les
interpr�etations de Herbrand pour P et nous �etudierons les points pr�e�x�es de TP � c�est��a�dire les mod�eles
de P �voir ��	�� et les points �xes de TP � �a savoir les mod�eles support�es de P �voir ��	�
 Comme TP
est en g�en�eral non�monotonique quand des atomes n�egatifs� �Bj � sont pr�esents dans le corps des clauses
de P � il est tr�es important de trouver des points �xes d�op�erateurs non�monotoniques ou� du moins� de
d�emontrer leur existence
 Plusieurs m�ethodes ont �et�e propos�ees pour traiter ce probl�eme� entre autres
�i� utiliser des logiques a trois valeurs� �ii� consid�erer IP comme un espace m�etrique ou quasi�m�etrique�
�iii� consid�erer IP comme un espace topologique� voir ���	 pour plus amples d�etails et r�ef�erences
 C�est
cette derni�ere m�ethode qui sera utilis�ee ici
 En particulier� nous identi�ons IP �a l�ensemble P�BP � de
tous les sous�ensembles de BP comme d�habitude� BP d�esignant la base de Herbrand pour P 
 Ce qui
nous permet d�identi�er IP �a l�espace des fonctions� autrement dit l�espace des suites �BP � dans lequel
� d�esigne l�espace �a deux points f�� �g muni de la topologie discr�ete
 D�esignons maintenant par Q la
topologie sur IP r�esultant de la topologie produit sur �BP 
 Cette topologie est bien connue et� dans cette
topologie� IP est hom�eomorphique �a l�ensemble de Cantor des nombres r�eels �nous supposons ici que le
langage de premier ordre sous�jacent de P contient au moins un symbole fonction tel que BP soit un
ensemble in�ni�� nous dirons donc que Q est la topologie de Cantor sur IP 


Bien entendu� l�identi�cation de IP �a un produit d�enombrable d�espaces �a deux points entra
�ne une
identi�cation correspondante de TP �a un op�erateur SP d�e�ni sur l�espace de suites correspondant
 Ce
raisonnement conduit naturellement �a consid�erer l��etude de TP et de ses points �xes du point de vue
des syst�emes dynamiques et c�est cette approche que nous examinons dans cette note
 En fait� dans
���	� nous avons �etabli des rapports entre d�une part la logique computationelle et d�autre part l�espace
de Vietoris de BP � aussi bien que les syst�emes de fonctions it�er�ees
 Notre but dans cette note est plus
particuli�erement de pr�esenter un r�esum�e des r�esultats obtenus dans ���	 avec l��etude de la convergence
dans Q des suites TnP �I� des it�erates d�un �el�ement quelconque I � IP � c�est��a�dire les �el�ements de l�orbite
de I� et notre raisonnement est guid�e par la proposition suivante


Proposition � 
Voir ���
� Soient P un programme logique normal et I une interpr�etation de P � Si la
suite �TnP �I��n�N converge dans la topologie Q de Cantor vers une interpr�etation M quelconque 
il n�est
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pas n�ecessaire que cette condition soit remplie�� alors M est un mod�ele de P mais pas n�ecessairement un
mod�ele support�e� Si� de plus� TP est continu dans la topologie de Cantor 
il n�est pas n�ecessaire que cette
condition soit remplie�� alors M est un mod�ele support�e ou point �xe de TP �

Ainsi donc nous cherchons les conditions syntactiques qui assurerons la convergence dans Q des
suites �TnP �I�� et permettront de trouver des mod�eles et des mod�eles support�es de P au moyen de la
Proposition �
 En fait� nous �etudions deux conditions� Condition ��� et ��� impos�ees sur un programme
P que nous formulons en termes d�applications l � BP � �� appel�ees ����applications de niveau� �
d�esignant un ordinal d�enombrable arbitraire
 Ces conditions sont les suivantes� soient P un programme
et A� A�� � � � � Ak���B�� � � � ��Bl� une clause arbitraire de P � on dit que P satisfait la Condition ��� si on
a l�A� � l�Ai� et l�A� � l�Bj � pour tout i et j et qu�il satisfait la Condition ��� si on a l�A� � l�Ai�� l�Bj�
pour tout i et j
 En fait� la classe de programmes qui remplit la Condition ��� co��ncide exactement
avec la classe des programmes localement strati��es d�e�nie par Przymusinski dans ��	� la sous�classe
de programmes qui remplit la Condition ��� pourrait 
etre appel�ee la classe des programmes acycliques
g�en�eralis�es
 A vrai dire� nous avons l�intention de distinguer soigneusement entre ces deux classes mais le
terme �localement strati��e� ne nous permet pas de le faire
 Nous utiliserons par cons�equent les termes
anglais semi�strictly level�decreasing et strictly level�decreasing� respectivement� pour bien les di��erencier


Przymusinski dans ��	 et ailleurs a �etudi�e la s�emantique proc�edurale des programmes localement strat�
i��es
 Dans cette note� toutefois� nous nous limitons �a leur th�eorie des mod�eles et nos r�esultats peuvent se
r�esumer de la fa�con suivante� avec la Proposition � nous donnons� au x�� une approche simple et construc�
tive �voir Construction �� de la s�emantique des mod�eles parfaits pour les programmes localement strati��es
P �voir Th�eor�eme ��
 De plus� nous obtenons des �equations de r�ecursion qui contr
olent l��evolution des
it�erates li�es �a la construction et qui ma
�trisent la n�egation �voir Corollaire ��
 En particulier� les �equations
de r�ecursion d�emontrent la simplicit�e de notre construction si P remplit la Condition ���
 On notera que
nous n�utilisons que les it�erates ordinaires de TP et non les plus compliqu�ees introduites dans ��	


Au x�� en�n� nous �etudions la classe de programmes qui remplit la Condition ���
 Nous montrons
que dans ce cas le mod�ele parfait unique construit au x� est en fait le mod�ele support�e unique� voir
Th�eor�eme �
 Pour cette classe de programmes le r�esultat de Przymusinski se trouve am�elior�e et toutes
les s�emantiques standards co��ncident
 Ce r�esultat est obtenu en munissant le domaine de Scott IP de la
structure d�un espace ultram�etrique g�en�eralis�e selon la d�e�nition de � � !	
 Nous montrons ensuite que
TP est strictement contractante par rapport �a l�ultram�etrique g�en�eralis�ee que nous d�e�nissons
 En�n�
nous appliquons le th�eor�eme de Priess�Crampe et Ribenboim sur les points �xes � � !	 pour obtenir un
point �xe unique de l�op�erateur TP et par cons�equent un mod�ele support�e unique pour P 


Les auteurs de cette note se sont donn�e pour t
ache d�approfondir ces id�ees et� en particulier� de les
d�evelopper dans la programmation logique disjonctive et dans d�autres domaines


� Introduction

Throughout this note� P will denote a normal logic program in the sense of ��	� thus P consists of �nitely
many clauses of the form A � A�� � � � � Ak� ��B�� � � � ��Bl� 
 We let BP denote the Herbrand base for P �
and we let IP denote the power set P�BP � of BP or� in other words� the set of all Herbrand interpretations
for P 
 We suppose here that the underlying �rst order language of P contains at least one function symbol

Recall that models M for P correspond to pre��xed points of the immediate consequence operator TP
i
e
 to interpretations M satisfying TP �M � � M � see ��	� and supported models for P correspond to �xed
points of TP � see ��	
 Since IP has been identi�ed with �BP in a natural way� where � denotes the set
f�� �g� it can be endowed with the product topology obtained from the discrete topologies on the factor
spaces �
 This results in the Cantor topology Q on IP in which IP is homeomorphic to the Cantor set of
real numbers


Proposition � 
See ���
� Suppose P is a normal logic program and I is an interpretation for P � If
the sequence �TnP �I��n�N of iterates of I converges in the Cantor topology Q to some M 
it need not so
converge�� then M is a model for P but not necessarily a supported model� If� further� TP is continuous
in the Cantor topology 
it need not be�� then M is a supported model or �xed point of TP �

The purpose of this note is to present a summary of the results obtained in ���	 in investigating
the r
ole of Proposition � in the model theory of P 
 Thus� we consider syntactic conditions which will
ensure convergence in Q of sequences �TnP �I��n�N of iterates� and thereby enable one to �nd models and
supported models for P by means of Proposition �
 Indeed� the conditions we want will be formulated in
terms of mappings l � BP � �� called ����level mappings� where � denotes an arbitrary countable ordinal


�



We let Ln " fA � BP � l�A� � ng� for n � �� and put L� " �
 If A � BP and l�A� " n� we say that the
level of A is n
 Without loss of generality� we suppose always that the smallest value taken by l is zero


De�nition � Let l � BP � � denote a level mapping for P 
 We call P �
��� Semi�strictly level�decreasing 
with respect to l� if the inequalities l�A� � l�Ai� and l�A� � l�Bj� hold
for all i and j in each ground instance A� A�� � � � � Ak���B�� � � � ��Bl� of every clause in P 

��� Strictly level�decreasing 
with respect to l� if the inequalities l�A� � l�Ai�� l�Bj� hold for all i and j in
each ground instance A� A�� � � � � Ak� ��B�� � � � ��Bl� of every clause in P 


In fact� semi�strictly level�decreasing programs coincide exactly with the locally strati�ed programs
de�ned by Przymusinski in ��	 and elsewhere� see ��	 for example
 Indeed� if l � BP � � is a level mapping
and we set Hn " l���n� for each ordinal n � �� then in this way we set up a one�to�one correspondence
between level mappings l and local strati�cations fHn�n � �g
 However� the terminology we adopt
is more suited to our purposes since it distinguishes between the conditions ��� and ���� and the term
�locally strati�ed� fails to do this
 Przymusinski in ��	 discussed the existence of suitable interpreters for
locally strati�ed programs and related them to model theory
 In this note� therefore� we con�ne ourselves
to the declarative semantics of P 


� Semi�Strictly Level�Decreasing Logic Programs

In this section� we consider the perfect model semantics of locally�strati�ed programs as de�ned by Przy�
musinski in ��	
 What is new here is that our approach is very simple and constructive� see Construction ��
and our methods are rather di�erent from those employed in ��	� being closer in spirit to ��	
 Moreover�
we establish recursion equations� see Corollary �� which show very precisely how the iterates involved in
the construction evolve
 Finally� we note that another simpli�cation we obtain is that we work only with
the ordinary iterates of TP rather than with more complicated concepts such as the powers introduced
in ��	


De�nition � Let P denote a normal logic program and let l � BP � � denote a level mapping� where
� � �
 For each n satisfying � � n � �� let P�n� denote the set of all ground instances of clauses in P in
which only atoms A with l�A� � n occur
 We de�ne T�n� � P�Ln�� P�Ln� by T�n��I� " TP�n�

�I�


Construction � Let P be a semi�strictly level�decreasing normal logic program and let l � BP � �

denote a level mapping� where � � �
 We construct the trans�nite sequence �In�n�� inductively as
follows
 For each m � N � we put I���m� " Tm������ and set I� "

S�
m��I���m�
 If n � �� where n � �� is a

successor ordinal� then for each m � N we put I�n�m� " Tm�n��In��� and set In "
S�
m��I�n�m�
 If n � � is

a limit ordinal� we put In "
S
m�nIm
 Finally� we put I�P � "

S
n��In


Lemma � Let P be a normal logic program which is semi�strictly level�decreasing with respect to the
level mapping l � BP � �� where � � �� Then the following statements hold�

a� The sequence �In�n�� is monotonic increasing in n�

b� For every successor ordinal n � � the sequence �I�n�m�� is monotonic increasing in m�

c� For every n � �� where n � �� In is a �xed point of T�n��

d� If l�B� � n and B �� In� where B � BP � then for every m � � with n � m we have B �� Im and hence
B �� I�P � � In particular� if l�B� � n and B �� I�n���m� for some m � N � then B �� In and hence B �� I�P ��

Corollary � Suppose the hypotheses of Lemma � all hold� Then�

�� For all ordinals n and all m � N we have the recursion equations

I�n����� " In

I�n���m��� " In 	 TP �n��I�n���m���

where P �n� denotes the set consisting of all those ground instances of clauses in P whose head has level
n�

�� If P is in fact strictly level�decreasing� then for every ordinal n � � we have I�n���m� " In	TP �n��In�
for all m � N � and therefore the iterates stabilize after one step�

Theorem � Suppose that P is a normal logic program which is semi�strictly level�decreasing with respect
to the level mapping l � BP � �� Then

a� I�P � is a minimal supported model for P �

b� I�P � is a perfect model for P and indeed is the only perfect model for P �

�



It is shown in ��	 that perfect models are independent of the local strati�cation� we therefore have the
following result


Corollary � If P is a normal logic program which is semi�strictly level�decreasing with respect to two
level mappings l� and l	� then the corresponding models I�P� � and I�P� � are equal�

It also follows from ��� Theorem �	 and Theorem � above that I�P � coincides with the model MP of
��	 when P is strati�ed
 A proof of this fact based on the methods discussed here can be found in ���	


Example � Consider the following program P �

q�o��

q�s	�x��� q�x�

p�x�� �q�x�

p�s	�x��� �p�x�

p�x�� p�x�

This program is not strati�ed but it is semi�strictly level�decreasing with respect to the level mapping
l in which l�q�sn�o��� " � and l�p�sn�o��� " n # � for all n
 In fact� I� is the set fq�s	n�o���n � Ng

Part � of Corollary � applies to the sub�program of P consisting of the third and fourth clauses of
P 
 This observation simpli�es the computation of I�P � which in fact is the set I� 	 fp�s

n�o���n �
N�n not a multiple of �g


� Strictly Level�Decreasing Logic Programs

If P is in fact strictly level�decreasing� we can sharpen the results of the previous section by showing
uniqueness of supported models� not just uniqueness of perfect models
 These results are established by
means of a �xed�point theorem of Priess�Crampe and Ribenboim


Let X be a set and let $ be a partially ordered set with least element �
 Following � � !	� we call the
pair �X� d� a generalized ultrametric space if d � X
X � $ is a function satisfying the following conditions
for all x� y� z � X and � � $� ��� d�x� y� " � if and only if x " y� ��� d�x� y� " d�y� x�� ��� if d�x� y� � �

and d�y� z� � �� then d�x� z� � �
 For � �" � � $ and x � X� the set B� �x� " fy � X� d�x� y� � �g
is called a ��ball or just a ball in X
 A generalized ultrametric space is called spherically complete if�
for any chain �C��� of balls in X�

T
C �" �
 A function f � X � X is called strictly contracting if

d�f�x�� f�y�� � d�x� y� for all x� y � X with x �" y
 Finally� the main result we need from � � !	 is
as follows� If �X� d� is a spherically complete generalized ultrametric space and f � X � X is strictly
contracting� then f has a unique �xed point


Let D denote a Scott domain� in the sense of ���	� with set DC of compact elements
 For a countable
ordinal �� let $� be the set f����� � �g of symbols ��� with ordering ��� � ��� if and only if 	 � �


De�nition � Let r � DC � � be a function� called a rank function� and denote ��� by �
 De�ne
dr � D 
D � $��� by

dr�x� y� " inff���� c � x if and only if c � y for every c � DC with r�c� � �g�

Then �D� dr� is called the generalized ultrametric space induced by r


Theorem � 
See ���
� �D� dr� is a spherically complete generalized ultrametric space�

To apply these results to logic programming we regard IP as a domain whose set of compact elements
is the set IC of all �nite subsets of BP � see ���	 for related results
 We note also that in the special case
of the domain IP � results similar to Theorem � were obtained in �!	


De�nition � Let P be a normal logic program and let l � BP � � be a level mapping
 We de�ne the
rank function rl induced by l by setting rl�I� " maxfl�A��A � Ig for every I � IC 
 The generalized
ultrametric obtained from a rank function in this way will be denoted by dl


Theorem � 
See ���
� Let P be a normal logic program which is strictly level�decreasing with respect to
a level mapping l � BP � �� Then TP is strictly contracting with respect to the generalized ultrametric dl
induced by l� Therefore� TP has a unique �xed point and hence P has a unique supported model�

�



Corollary � Suppose that P is strictly level�decreasing with respect to an arbitrary level mapping l �
BP � �� Then all standard semantics for P coincide with the perfect model semantics of ��
 which is the
unique 
minimal� supported model for P �

In case that l is an 
�level mapping� the proof of Theorem �� see ���	� can be given in exactly the same
form with respect to the ultrametric d introduced by Fitting in ��	
 In this case� the Banach contraction
mapping theorem is su%cient to obtain the �xed point which results� see ���� Theorem  	


Example � Take P to be the following program�

p�o� o��

p�s�y�� o� � �p�y� x���p�y� s�x��

p�y� s�x��� �p�y� x�

and de�ne l � BP � 

 by l�p�sk�o�� sj�o��� " 
k# j� where 
k denotes the kth limit ordinal
 Then P is
strictly level�decreasing and its unique supported model� given by Theorem �� is the set fp�o� s	n�o���n �
Ng 	 fp�sn���o�� s	k���o��� k� n � Ng�
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